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NON-NEGATIVE VERSUS POSITIVE SCALAR CURVATURE
THOMAS SCHICK AND DAVID J. WRAITH
Abstract. In this note, we look at the difference, or rather the absence of a difference, between
the space of metrics of positive scalar curvature and metrics of non-negative scalar curvature. The
main tool to analyze the former on a spin manifold is the spectral theory of the Dirac operator and
refinements thereof. This can be used, for example, to distinguish between path components in the
space of positive scalar curvature metrics. Despite the fact that non-negative scalar curvature a priori
does not have the same spectral implications as positive scalar curvature, we show that all invariants
based on the Dirac operator extend over the bigger space. Under mild conditions we show that the
inclusion of the space of metrics of positive scalar curvature into that of non-negative scalar curvature
is a weak homotopy equivalence.
1. Introduction
The study of the topology of spaces and moduli spaces of Riemannian metrics satisfying some
form of curvature condition on a fixed manifold has for many years been an important research
subject. Such curvature conditions include positive scalar curvature, positive Ricci curvature, and
non-negative sectional curvature. For some recent results concerning closed manifolds, see for example
[8], [7], [20], [13], [14], [12], [4], [35], [36], [39], [16], [33], and the book [34].
In this paper all manifolds under consideration will be closed and connected unless otherwise
stated, and we will always assume that spaces of metrics are equipped with the C∞ -topology.
The principal theme in this paper is the comparison of (moduli) spaces of non-negative scalar
curvature metrics with (moduli) spaces of positive scalar curvature metrics on closed spin manifolds
M . In this context the Ricci flat metrics play a special role, and with this in mind we make the
following
Definition 1.1. Let N denote the space of non-negative scalar curvature metrics on M . Similarly,
let P denote the space of positive scalar curvature metrics on M . Denote by RIC=0 the space of
Ricci flat metrics, and set P♯ := P ∪RIC=0 .
We have the obvious inclusion relations
P ⊂ P♯ = P ∪RIC=0 ⊂ N .
Recall that it is a classical result of Bourguignon (compare [5, 4.49]) that if P = ∅, then
P♯ = RIC=0 = N . Using the Ricci flow, we see that in a homotopy theoretic sense this remains true
in general:
Theorem 1.2. The inclusion P♯ →֒ N is a weak homotopy equivalence.
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Corollary 1.3. Let M a closed spin manifold which does not admit a Ricci flat Riemannian metric.
Then the inclusion P →֒ N is a weak homotopy equivalence.
Note that it is rare that a manifold admits a Ricci flat metric. For example, by [11] (see
also Theorem 2.5), the fundamental group of a Ricci flat manifold contains a free abelian subgroup
(possibly trivial) of finite index.
In view of Corollary 1.3, the interesting case for our investigation now is the complementary
case where P 6= P♯ , i.e. RIC=0 6= ∅.
Most of the results to date concerning (moduli) spaces of positive scalar curvature metrics are
established using the index theory of Dirac operators. We will present some of the relevant details
concerning this in Section 3, however for now it suffices to note that one of the key results which
makes index theory such an important tool in this context is the classical theorem of Schro¨dinger-
Lichnerowicz. In order to state this, let us first recall that if (M,g) is a Riemannian spin manifold, we
can consider the Dirac operator D defined by Atiyah and Singer acting on the space of sections of the
spinor bundle over M . This operator depends on the metric and on the spin structure. Sections which
belong to the kernel of D are called harmonic spinors. The basic case of the Schro¨dinger-Lichnerowicz
Theorem then states that a compact spin manifold with positve scalar curvature admits no non-trivial
harmonic spinors.
One can extend this result by generalizing the concepts of Dirac operator and harmonic spinor
by twisting the spinor bundle (that is, forming the tensor product) with a flat bundle F over the
same base, see for example [26, pages 164-165]. This is an important construction, and is frequently
used in the case where the flat bundle is not a vector bundle, but a bundle of modules over an
auxiliary C∗ -algebra A . For us, the most relevant C∗ -algebra is the C∗ -algebra of the fundamental
group of M , called C∗π1(M). In some sense there is a universal case of twisting with a flat bundle,
and this involves the so-called Mishchenko line bundle LM over M. This is a bundle with fibre a free
rank one module over C∗π1(M), and which comes equipped with a canonical flat connection. We will
recall the construction of LM in Section 3, and explain the claim that this is the “universal” case.
The idea is that the spectral theory of the Dirac operator twisted with LM contains all information
which can be obtained using any kind of Dirac operator, formulated in [31] as Conjecture 1.5.
The version of the Schro¨dinger-Lichnerowicz Theorem which will be crucial for the results in
this paper is the following. It is based on the Schro¨dinger-Lichnerowicz formula (equation 3.3).
Theorem 1.4. If a compact spin manifold M has positive scalar curvature, then every Dirac operator
is invertible. This includes those twisted with a flat bundle, and in particular the Dirac operator
twisted with the Mishchenko line bundle.
Let us therefore make the following
Definition 1.5. Denote by RINV the space of Riemannian metrics such that the Dirac operator
twisted with the Mishchenko bundle is invertible. We call these the metrics with universally invertible
Dirac operator.
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By Theorem 1.4 we have P ⊂ RINV .
In general, the invertibility of the untwisted Dirac operator depends on the chosen spin struc-
ture. However, it is a basic fact that this is not so for the universal case: invertibility of the Dirac
operator twisted with the Mishchenko line bundle LM is independent of the chosen spin structure
[29, Section 3], so that RINV is unambiguously defined.
As stated above, essentially all the tools known to study P actually extend to RINV . Indeed,
it is a challenging and open problem to understand the difference between P and RINV better.
For us, however, the goal is to transfer information about the homotopy type of P to N or
rather the weakly homotopy equivalent P♯ . For example, we want to show that path components of P
which are distinct in RINV remain distinct also in P♯ . This would evidently be true if P♯ ⊂ RINV ,
i.e. if RIC=0 ⊂ R
INV . However, in general this is not true.
Nonetheless, and this is one of the main results of this paper, those Ricci flat metrics which
do not have a universally invertible Dirac operator are completely isolated from all the metrics with
positive scalar curvature, and in light of Theorem 1.2 also from all other metrics in N .
Theorem 1.6. We have a disjoint union decomposition
RIC=0 = RIC
INV
=0 ∐RIC
s
=0,
where RICINV=0 := R
INV ∩ RIC=0, RIC
s
=0 := RIC=0 \ RIC
INV
=0 , and both RIC
INV
=0 and RIC
s
=0
consist of a union of path-components of RIC=0. For all metrics in RIC
s
=0 , the universal covering
admits a non-trivial parallel spinor, and (in particular) the metric has special holonomy. On the
other hand, no metric in RICINV=0 has a non-trivial parallel spinor on its universal cover.
Theorem 1.7. We can write P♯ = RICs=0 ∐ (P
♯ \ RICs=0), where the former is a union of path-
components of P♯ and the latter embeds into RINV . In particular, all information about the non-
triviality of the homotopy type of P which factors through RINV (e.g. about path-components which
are distinct in RINV ) extends to P♯ .
Because P♯ →֒ N is a weak homotopy equivalence by Theorem 1.2, the corresponding state-
ments holds also for N in place of P♯ .
Below, we will give a number of specific examples of the principle described in Theorem 1.7.
It should be noted that the existence of a parallel spinor for some metric does not exclude the
possibility that the manifold admits metrics of positive scalar curvature. For example, Calabi-Yau
manifolds are known to admit both positive scalar curvature metrics as well as Ricci-flat metrics
with parallel spinors. One should remark that no example of a Ricci flat metric without parallel
spinor on its universal covering is known. This means that in the decomposition of Theorem 1.6, the
part RICINV=0 might well be empty in all cases. This would, by Theorem 1.7, mean that up to weak
homotopy equivalence, we obtain the space of non-negative scalar curvature metrics N from the
space of positive scalar curvature metrics P by just adding a collection of very special components,
consisting of Ricci flat metrics with special holonomy.
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The main tools to prove Theorem 1.7 from Theorem 1.6 rely on the theory of special holonomy.
To apply them, we have to establish a link between universal non-invertibility and the existence of
parallel spinors. This is done via the construction of harmonic spinors. On a closed manifold, it is
elementary to see that the (untwisted) Dirac operator is non-invertible if and only if there is a non-
trivial harmonic spinor. Moreover, if the metric has non-negative scalar curvature, the Schro¨dinger-
Lichnerowicz formula, Equation 3.3, implies that a harmonic spinor is parallel, which in turn forces
the holonomy to be special.
The more subtle problem is dealing with a non-invertible Mishchenko twisted Dirac operator.
This does in general not imply the existence of a non-trivial kernel, because the spectrum of such an
infinite dimensional operator in general is not discrete.
However, we can make use of the fact that the existence of a Ricci flat metric implies that
π1(M) is virtually abelian. Using this, we will show that at least for some finite dimensional twist
bundle, the twisted Dirac operator has a kernel, i.e. there exists a “twisted harmonic spinor”. This
will be sufficient to establish the result and will be discussed in Section 3.
We now turn our attention to applications of the above results. We reiterate that almost all
known invariants which detect topology in the space P factor through the space RINV (M). This
means that most existing results about the topology of the (moduli) space of positive scalar curvature
metrics can be generalized to non-negative scalar curvature. We now present some concrete examples.
The Kreck-Stolz s-invariant is an important tool for studying path-connectedness of moduli
spaces of positive scalar curvature metrics. This was developed and first used in [24]. The s-invariant
is defined for spin manifolds M4n−1 (n ≥ 2) with vanishing real Pontrjagin classes and positive scalar
curvature. It is an invariant of the path-component in the space of positive scalar curvature metrics.
Moreover, if H1(M ;Z2) = 0 (which means the spin structure on M is uniquely determined by the
orientation), and g is a positive scalar curvature metric on M , then |s(M,g)| ∈ Q is an invariant of
the path-component in the moduli space of positive scalar curvature metrics on M containing g .
Using Theorem 1.7 we can establish:
Theorem 1.8. For a closed spin manifold (M,g) of dimension 4k−1, (k ≥ 2), with positive scalar
curvature and vanishing real Pontrjagin classes, the Kreck-Stolz s-invariant is an invariant of the
path-component of non-negative scalar curvature metrics containing g . If in addition H1(M ;Z2) = 0,
|s| is an invariant of the path-component containing [g] in the moduli space of non-negative scalar
curvature metrics.
From Theorem 1.8 we immediately obtain the following result, which is the non-negative scalar
curvature analogue of [24] Corollary 2.15:
Corollary 1.9. Given any M as in Theorem 1.8 with H1(M ;Z2) = 0, the moduli space of non-
negative scalar curvature metrics on M has infinitely many path-components.
Besides the s-invariant, one can re-visit other types of results for (moduli) spaces of positive
scalar curvature metrics established using index theory, and making the required adjustments re-state
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these as results about non-negative scalar curvature. For example, one can do this with the theorems
about the higher homotopy groups of the (observer moduli) space of positive scalar curvature metrics
established recently in [20], as these results rely on the invertibility of a family of Dirac operators
which is governed by the existence or otherwise of harmonic spinors. As a sample result (extending
[20] Theorem 1.1) we have
Theorem 1.10. Given k ∈ N ∪ {0}, there is an N(k) ∈ N such that for each n ≥ N(k) and each
closed spin manifold M4n−k−1 admitting a metric g0 with positive scalar curvature, the homotopy
group πk(N , g0), where N denotes the space of non-negative scalar curvature metrics on M , contains
elements of infinite order if k ≥ 1, and infinitely many different elements if k = 0. Their images
under the Hurewicz homomorphism in Hk(N ) still have infinite order.
In precisely the same way, one can generalize to the space N the classic results of Hitchin on
the non-triviality of π0(P) and π1(P) for spin manifolds in dimensions 0 and 1, respectively 0 and
7 modulo 8. See [21] for the full details, or for a synopsis explaining the dependence of these results
on the invertibility of the Dirac operator, see IV.7 of [26]. The same can also be said for the more
recent results of Crowley-Schick ([13]) and Crowley-Schick-Steimle ([14]), as the underlying analytic
facts are precisely the same as in Hitchin’s work.
We also use Theorem 1.7 to derive some new examples involving Ricci non-negative metrics.
We remark that the following theorem presents merely one set of examples among many that are
possible. Details of the Bott manifold B8 appearing in this theorem are given in section 4.
Theorem 1.11. If K4 denotes the K3 surface, B8 the Bott manifold, and Σ4n−1 is any homotopy
(4n− 1)-sphere (n ≥ 2) which bounds a parallelisable manifold, then both Σ×K4 and Σ×B8 have
infinitely many path-components of non-negative Ricci curvature metrics.
To the best of the authors’ knowledge, Theorem 1.11 was the first result of any kind concerning
the topology of the space of Ricci non-negative metrics. It should be noted that we cannot use
Theorem 1.8 to establish these examples as the real Pontrjagin classes here are not all zero, and so
the s-invariant is not defined. The important thing here is that although the manifolds above are
known to admit metrics which have both positive scalar and non-negative Ricci curvature, none are
known to admit metrics with strictly positive Ricci curvature. There are no known obstructions to
positive Ricci curvature for these manifolds: besides admitting positive scalar curvature, they also
have finite fundamental group and thus comply with Myers’ Theorem.
Since the initial version of this paper was made available, other results concerning the topology
of the moduli space of Ricci non-negative metrics have appeared. Specifically, the paper [33] was
posted recently, and this contains examples of manifolds for which the moduli space of Ricci non-
negative metrics has infinitely many path components in both the closed case (in all dimensions ≥ 7)
as well as in the complete non-compact case (in all dimensions ≥ 8).
This paper is laid out as follows. In Section 2 we collect the geometric results and prove
Theorems 1.2 and 1.7. In Section 3 we recall the basic constructions of higher index theory of
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(twisted) Dirac operators and harmonic spinors and prove Theorem 1.6. In Section 4 we prove the
concrete applications of index theory to spaces of metrics with non-negative scalar curvature and
non-negative Ricci curvature.
This paper grew out of a paper with the same title by the second-named author, and in relation
to this he would like to express his deep gratitude to Bernd Ammann for his interest and extensive
correspondence which considerably enhanced the paper. Thanks also go to Anand Dessai, Wilderich
Tuschmann, Guofang Wei, Hartmut Weiss and Mark Walsh for their comments.
2. Proofs of the geometric results
We want to start with the proofs of our “geometric” results, which are actually independent
of the higher index theory discussed at the end of the introduction.
Our first result is Theorem 1.2, which is a rather direct consequence of the powerful machinery
of the Ricci flow. Versions of Theorem 1.2 are certainly known to the experts. As a preliminary, we
consider the effects of the Ricci flow on metrics with non-negative scalar curvature.
Lemma 2.1. [9, 2.18] If M is a closed manifold and g0 is a metric on M with non-negative scalar
curvature, consider the Ricci flow g(t) with g(0) = g0. Suppose that the flow exists for all t ∈ [0, T ].
Then g(t) has non-negative scalar curvature for all t ∈ [0, T ]. Moreover, g(t) has positive scalar
curvature for all t ∈ (0, T ] unless g0 is Ricci flat, in which case g(t) = g0 for all t ∈ [0, T ].
Proof of Theorem 1.2. Let f : (Dn, Sn−1)→ (N ,P♯) be continuous. By [38, Chapter II, Lemmas
(3.1) and (3.2)] (in conjuction with [38, Chapter IV, Section 7]) we have to find a homotopy
F : (Dn × [0, T ], Sn−1 × [0, T ])→ (N ,P♯) such that F (Dn × {T}) ⊂ P♯.
Due to the results on the short time existence of the Ricci flow and the compactness of Dn ,
there is indeed T > 0 such that the Ricci flow defines a continuous map F : Dn × [0, T ] → N with
F |K×{0} = f . By Lemma 2.1, F (K × (0, T ]) ⊂ P
♯ . This means that all the conditions are satisfied.
As f was arbitrary, the assertion follows.
⊓⊔
We now address our second geometric result, Theorem 1.7, stating that Ricci flat metrics
whose Dirac operator is not universally invertible are isolated among metrics with non-negative
scalar curvature.
Lemma 2.2. [18, Satz 2] (See also [19].) If N is a paracompact connected Riemannian spin manifold
with a non-zero parallel spinor, then N is Ricci flat.
The existence of a parallel spinor on a compact Riemannian spin manifold has consequences
beyond the Ricci flatness of the metric. Indeed, the next result shows that there cannot be positive
scalar curvature metrics arbitrarily close-by.
Theorem 2.3. ([15], Theorem 4.2 and subsequent Remark) If (M,g) is a closed Riemannian spin
manifold with a non-trivial parallel spinor, then there is no path of metrics gt, with g0 = g, such that
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scal(gt) > 0 for all t > 0. More generally, there is no path of non-negative scalar curvature metrics
gs with g0 = g containing a sequence of positive scalar curvature metrics gsn , where sn
n→∞
−−−→ 0.
The existence of a parallel spinor on a compact Riemannian spin manifold places restrictions on
the holonomy group of that manifold. For a discussion about these points and detailed references, see
for example [1, Section 1]. Although we will not use holonomy arguments directly, the above results
from [15] depend in part on such matters. One might also compare the results in [37]. Holonomy is
central to the paper [1], from which we will need the following theorem:
Theorem 2.4. [1, Corollary 3] Let (M,g0) be a closed Riemannian spin manifold which admits a
parallel spinor on its universal cover. If gt , t ∈ [0, T ], is a smooth family of Ricci-flat metrics on M
extending g0 , then the pull-back of gt to the universal cover admits a parallel spinor for all t ∈ [0, T ],
and the dimension of this space of parallel spinors is independent of t.
There is one final result from the literature which we will need, and this is the basic structure
theorem for Ricci-flat metrics (see [11], or 4.1 of [17]), which also enters crucially in the proof of
Theorem 2.4 above.
Theorem 2.5. (The Ricci-flat structure theorem.) If (M,g) is a closed Ricci-flat manifold, then
there is a finite normal Riemannian covering π : (M¯ , g¯) × (T q, hfl) → (M,g), where (M¯ , g¯) is a
simply-connected Ricci-flat manifold and (T q, hfl) is the q -torus equipped with a flat metric. In
particular, π1(M) contains a free abelian subgroup of finite index.
With this preparation at hand, we are now in a position to prove Theorem 1.7, assuming
Theorem 1.6. The essential point is to generalize Theorem 2.3 from closed manifolds with a parallel
spinor to closed manifolds whose universal covering has a parallel spinor:
Proposition 2.6. Let (M,g0) be a closed Riemannian manifold such that its universal covering is
spin with a non-zero parallel spinor. Let (gt, 0 ≤ t ≤ T ) be a continuous path of metrics with gt ∈ P
♯
starting at g0 . Then gt ∈ RIC=0 for all t ∈ [0, T ].
Proof. By Lemma 2.2, the existence of a non-zero parallel spinor on the universal covering of (M,g0)
means that the universal cover is Ricci flat, from which it follows that (M,g0) is also Ricci flat. By
Theorem 2.5, some finite covering (M¯, g¯) of (M,g0) is a Riemannian product (N,hN ) × (T
q, hfl)
with simply connected N , so the universal covering of (M,g0) is the Riemannian product (N,hN )×
(Rq, hfl). The existence of a non-zero parallel spinor on a Riemannian product is equivalent to the
existence of a parallel spinor on each factor individually, compare e.g. [27, Theorem 2.5]. In particular,
(N,hH) admits a parallel spinor. With a suitable spin structure, (T
q, hfl) also has a parallel spinor,
and we conclude that the closed manifold (M¯, g¯) admits a parallel spinor (with a suitable spin
structure).
Let t1 ∈ [0, T ] be maximal such that gt ∈ RIC=0 for all t ∈ [0, t1] . This exists because RIC=0
is closed. Combining Theorem 2.4 with the arguments of the above paragraph, we see that (M¯ , g¯t1)
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has a parallel spinor (for a suitable spin structure). If t1 < T we could now directly apply Theorem
2.3 to the path (g¯t, t1 ≤ t ≤ T ) of non-negative scalar curvature metrics lifted to M¯ , to deduce that
g¯t /∈ P for t close to t1 , t > t1 . Therefore g¯t ∈ RIC=0 , and hence gt ∈ RIC=0 for such t . This is a
contradiction to the maximality of t1 , so t1 = T , and the claim is proved. 
Proof of Theorem 1.7. (Assuming Theorem 1.6.) By Theorem 1.6, every metric in RICs=0 is such
that its universal covering admits a parallel spinor. Therefore, by Proposition 2.6, a path in P♯ which
starts in RICs=0 must remain in RIC=0 . But then Theorem 2.4 implies that each metric in the path
admits a parallel spinor on its universal covering. It now follows from Theorem 1.6 that the path
remains in RICs=0 , i.e. RIC
s
=0 is a union of path components of P
♯ .
The decomposition in Theorem 1.6 shows that RIC=0 \RIC
s
=0 ⊂ R
INV , and therefore by the
Schro¨dinger-Lichnerowicz Theorem 1.4 we also have P♯ \ RICs=0 ⊂ R
INV . 
3. Twisted Index Theory and Harmonic Spinors
In this section, we review some facts about the index theory of Dirac operators on a spin
manifold M , potentially twisted with a flat Hermitian bundle, where this flat bundle is allowed to
be a Hilbert A-module bundle for an auxiliary C∗ -algebra A . We will then also study the theory of
harmonic and parallel spinors in this context, and prove in particular Theorem 1.6.
However, we will only use A-module bundles in a very special situation. The relevant C∗ -
algebra always is the group C∗ -algebra C∗π of the fundamemtal group π = π1(M) of a Ricci flat
manifold M . By the structure Theorem 2.5, π then contains a free abelian subgroup of finite index,
and in particular is amenable, so there is only one group C∗ -algebra: C∗redπ = C
∗
maxπ =: C
∗π .
The relevant flat C∗π -module bundle is the ‘Mishchenko line bundle’ over M. This is a bundle
whose fibre is a free rank one module over C∗π , constructed as follows. Let M˜ be a universal cover
of M. There is a free right action of π on M˜ and a left action on C∗π , which allows us to form the
flat C∗π -line bundle
LM := M˜ ×π C
∗π →M.
Despite the terminology, if we choose to view this as a complex vector bundle, its dimension is equal
to the order of π1(M).
We note here that a Hilbert A-module structure on an A-module generalizes the Hermitian
structure in the case A = C ; it consists of an A-valued inner product satisfying suitable axioms.
The basic concepts about Hermitian structures generalize readily, compare [25].
The Mishchenko line bundle is the “universal” flat Hilbert A-module bundle in a precise sense
as follows:
Proposition 3.1. Let E → M be any flat Hermitian bundle, or more generally a Hilbert A-
module bundle for some C∗ -algebra A with fibre a finitely generated projective A-module P (a
Hermitian bundle in the special case A = C and P = Cd ). Such a flat bundle corresponds to
a (holonomy) representation ρ : π → UA(P ). In the special case of a Hermitian bundle this is a
unitary representation ρ : π → U(d).
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By the universal property of the (maximal) group C∗ -algebra, this representation extends to
a C∗ -algebra homomorphism ρ : C∗π → EndA(P ), making P a C
∗π -A-bimodule (in particular, a
C∗π -left module). The flat bundle E is then obtained as an associated bundle from the Mishchenko
line bundle by fibrewise tensor product:
(3.1) E = LM ⊗C∗π P.
If M has a spin structure then the Dirac operator DE twisted by E , acting as an unbounded
operator on the Hilbert A-module of L2 -sections of the spinor bundle twisted by E , is obtained from
the Mishchenko twisted Dirac operator DLM by tensoring its domain Hilbert C
∗π -module over C∗π
with P , and the operator with the identity:
(3.2) DE = DLM ⊗C∗π 1P .
Proof. All of this follows directly from the definitions. For (3.1) observe that E = M˜×πP . Moreover,
P = C∗π⊗C∗π P , so that finally E = M˜ ×π C
∗π ⊗C∗π P = LM ⊗C∗π P . Tracing the identifications,
this holds with π and C∗π both acting on P via ρ .
The statement about the Dirac operators follows again directly from the definitions as un-
bounded Hilbert A-module operators, compare [25] and [32]. 
This can be used to show that invertibility of the Mishchenko-twisted Dirac operator is a uni-
versal property: its invertibility implies invertibility for all Dirac operators twisted with flat bundles.
Theorem 3.2. Let M be a connected spin manifold, A a C∗ -algebra, L → M a flat bundle with
fibers finitely generated A-modules and with typical fiber the A-module P . This corresponds to a
(holonomy) representation ρ : π → UA(P ). As in Proposition 3.1, write L for the bundle associated
to the Mishchenko bundle LM , L = LM ⊗ρ P .
The spectrum of the L-twisted Dirac operator DL is contained in the spectrum of the Mishchenko-
twisted Dirac operator DLM . In particular, if DLM is invertible, i.e. 0 is not in its spectrum, the
same is true for DL .
If the C∗ -algebra homomorphism ρ : C∗π → EndA(P ) is injective, the spectra of DL and DLM
even coincide.
Proof. By Proposition 3.1, DL = DLM ⊗ρ 1P . The statement about the spectra therefore is a direct
consequence of the corresponding general and abstract result for spectra of unbounded operators on
Hilbert A-modules as presented in [32, 14.25]. 
We now turn to the discussion and application of harmonic spinors. By definition, a harmonic
spinor is a section of the spinor bundle belonging to the kernel of the Dirac operator. Similarly, for a
finite dimensional flat Hermitian bundle E , we define an E -twisted harmonic spinor as an element
in the kernel of DE .
It is a standard fact in the theory of elliptic self-adjoint operators that, in this situation, D
and DE are invertible if and only if there is no non-trivial (twisted) harmonic spinor.
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Note that the situation is more complicated for the Mishchenko-twisted Dirac operator DLM .
Typically, if π is infinite, even if 0 is in the spectrum of DLM , its kernel will be trivial due to the
presence of a continuous spectrum in this situation.
For us, harmonic spinors are important because they give rise to parallel spinors, which we
need for our special holonomy considerations. We first observe that twisted parallel spinors suffice
to guarantee the existence of an (ordinary) parallel spinor on the universal covering.
Proposition 3.3. Suppose that a closed Riemannian spin manifold M admits a non-zero parallel
twisted spinor. Then the universal cover equipped with the pull-back metric admits a regular non-zero
parallel spinor.
Proof. Let S denote the spinor bundle on M , let E → M be a flat Hermitian bundle with corre-
sponding (holonomy) representation ρ : π → U(d), and S ⊗ E the twisted spinor bundle. Suppose
that ∇σ ≡ 0 for some σ ∈ Γ(S ⊗ E).
We first observe that the pull-back E˜ of E to the universal cover M˜ is a trivial bundle with
trivial flat connection: it is associated to the holonomy representation {1} = π1(M˜) → π1(M)
ρ
−→
U(d), which is obviously trivial. Consequently, as a flat bundle E˜ ∼= M˜ ×Cd .
The pull-back σ˜ of σ to M˜ is a parallel section of S˜ ⊗ E˜ with respect to the pull-back
connection. This is the usual twisted spinor connection because the covering projection is a local
isometry, locally preserving all structures. Using the identification E˜ = M˜ × Cd (as flat bundles),
we identify S˜ ⊗ E˜ with (S˜)d (as bundle with connection), and σ˜ can be identified with a vector of
d parallel spinors on M˜ . Because σ and therefore σ˜ is non-trivial, at least one of these components
is non-trivial, providing a genuine non-zero parallel spinor on M˜ .

The next lemma is more or less standard. It is a key result for the proof of Theorem 1.4.
Lemma 3.4. Let (M,g) be a closed spin manifold with non-negative scalar curvature. Let E →M be
a flat finite dimensional Hermitian bundle and assume that there is a non-trivial E -twisted harmonic
spinor. Then g is Ricci flat and every twisted harmonic spinor is parallel.
Proof. The main argument needed here is well-known, see for example [26, II.8.10,II.8.17-II.8.18]. It
begins with the Schro¨dinger-Lichnerowicz formula
(3.3) DE
2 = ∇∗∇+
1
4
scal,
where DE is the twisted Dirac operator and ∇
∗∇ is the connection Laplacian on spinors twisted by
the flat bundle E with its flat connection. Because the connection of E is flat, there is no additional
term on the right hand side. Given any E -twisted harmonic spinor σ , integrating over M gives the
following equation: ∫
M
scal · |σ|2
4
+ |∇σ|2 = 0,
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where the form of the second term uses the definition of the connection Laplacian as ∇∗∇ . Thus
in the context of non-negative scalar curvature, we see that the only way this equation can hold is
if both scal ≡ 0 and |∇σ| ≡ 0. Therefore σ is a non-trivial E -twisted spinor. By Proposition 3.3,
there is a non-zero parallel spinor on the universal covering of M . As the existence of a parallel
spinor forces the metric to be Ricci flat by Lemma 2.2, the universal covering of M , and therefore
M itself, are both Ricci flat. 
The final preparational result provides twisted harmonic spinors if the Dirac operator is not
universally invertible, but only in the case of our very special fundamental group. This is a partial
converse to Theorem 3.2, and is probably well known.
Proposition 3.5. Let M be a closed spin manifold such that its fundamental group π has a free
abelian subgroup of finite index. If for every finite dimensional flat Hermitian bundle E the twisted
Dirac operator DE is invertible, then D is universally invertible. Equivalently, if M is not universally
invertible, then it admits a non-zero twisted harmonic spinor.
The proof relies on the following detection principle for the spectrum of Hilbert C∗π -module
operators. This is our interpretation of the classical Floquet-Bloch theory.
Proposition 3.6. Assume that the group π contains the subgroup Zn with finite index d. Let a be
a possibly unbounded regular Hilbert C∗π -module operator on the Hilbert C∗π -module l2(C∗π).
If λ is in the spectrum of a ⊗ρ id for at least one representation ρ : π → U(d), then λ is in
spectrum of a.
Proof. We start to analyze the situation for Zn , with Fourier transform isomorphism C∗Zn →
C(T n): C∗Zn is the C∗ -algebra of bounded operators on l2(Zn) generated by convolution with
zi , where z1, . . . , zn are generators of the infinite cyclic summands. We have the Fourier transform
isomorphism l2(Zn) ∼= L2(T n), which just reinterprets zi as a variable of the factor S
1
i ⊂ C of the
torus T n . Under this identification, convolution with zi becomes multiplication by zi , which is now
a continuous function on T n . In this way, C∗Zn is identified with a C∗ -subalgebra of C(T n) (and
by the Weierstraß approximation theorem is indeed all of C(T n)).
Next, when passing to Hilbert C(T n)-modules we have the isomorphisms ⊕k∈NC(T
n) =
l2(C(T n)) ∼= C(T n, l2), with the C(T n)-valued inner-product defined pointwise. Consequently, the
C∗ -algebra of C(T n)-linear adjointable operators is identified with C(T n, B(l2)), where B(l2) is the
algebra of bounded operators on the Hilbert space l2 .
For a continuous function of bounded operators a ∈ C(T n, B(l2)), it is clear that a − λ is
invertible if and only if for each ρ ∈ T n the operator a(ρ) − λ is invertible. This uses the fact that
the subset of invertible operators on l2 is open in B(l2).
If now Zn is a subgroup of finite index of π , choose a set {g1, . . . , gd} of right coset represen-
tatives for Zn in π . We obtain the Fourier isomorphism
l2(π) = ⊕dj=1gjl
2(Zn) ∼= ⊕gjL
2(T n) = L2(T n,⊕dj=1gjC),
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with L2(T n,⊕gjC) the space of C
d -valued L2 -functions on T n .
Left multiplication by an element g ∈ π permutes the right cosets and maps gj to gα(j)vj with
vj ∈ Z
n (vj and the permutation α depend on g ). Under our Fourier transform isomorphism, this
operator becomes the operator which multiplies the j -th component with the Fourier polynomial
vj ∈ C(T
n), and then applies pointwise the permutation matrix α . In particular the closure, C∗π ,
is identified with a sub-C∗ -algebra of the matrix valued continuous functions C(T n,Md(C)), which
we interpret as the C∗ -algebra of endomorphisms of the Hilbert C((T n)-module C(T n)d).
Now a ∈ EndC∗π(l
2(C∗π)) induces an element of EndC(Tn)(l
2(C(T n)d)) ∼= EndC(Tn)(l
2(C(T n)))
via the inclusion C∗π →֒ EndC(Tn)(C(T
n)d) without changing the spectrum (by [32, 14.25], used
already in the proof of Theorem 3.2).
As we have just seen, the spectrum is then detected by looking at the induced operators a⊗ρ id
for the evaluation homomorphisms.
Composed with the embedding C∗π →֒ C(T d,Md(C)) = EndC(Tn)(C(T
n)d), such an evalu-
ation homomorphism becomes the homomorphism associated to the representation π → Md(C) =
End(⊕gjC) induced from the corresponding irreducible representation of Z
n . This is true because,
by definition, in this induced representation g ∈ π maps the basis element gj of ⊕gjC to gα(j)ρ(vj),
if ggj = gα(j)vj as above.
Finally, the spectral theory of unbounded regular operators corresponds to the spectral theory
of an associated bounded operator (e.g. via the bounded transform), obtained via functional calculus.
Functional calculus is compatible with induction: f(a)⊗ρ id = f(a⊗ρ id), therefore our results extend
to unbounded operators: λ is in the spectrum of a (possibly unbounded) regular operator on l2(C∗π)
if and only if it is so for at least one operator a⊗ρ id for a representation ρ : π → U(d) induced from
an irreducible representation of Zn . 
Proof of Proposition 3.5. We now deal concretely with the unbounded operator DLM on the Hilbert
C∗π -module of sections of the Mishchenko-twisted spinor bundle. By Kasparov’s stabilization theo-
rem [6, Theorem 13.6.2], we can take the direct sum with 0 or the identity on l2(C∗π), adding 0 or
1 to the spectrum respectively, and then assume that the Hilbert module is isomorphic to l2(C∗π).
Therefore, Proposition 3.6 together with Theorem 3.2 on the identification of DLM ⊗ρ id with Dρ ,
the Dirac operator twisted with the flat bundle associated to the representation ρ : π → U(d), im-
ply that the spectrum of DLM is contained in the union of the spectra of the DL over all finite
dimensional flat bundles L . The other inclusion holds even more generally, by Theorem 3.2. 
Proof of Theorem 1.6. We begin by arguing that all metrics in RICs=0 admit a non-trivial parallel
spinor on the universal cover. By Proposition 3.5, if g ∈ RICs=0 then it admits a non-zero twisted
harmonic spinor. By Lemma 3.4 this twisted spinor is parallel, which implies by Proposition 3.3 the
desired (standard) parallel spinor on the universal covering. It is a standard result that the existence
of a non-zero parallel spinor forces the holonomy group to be special, compare e.g. [1].
Next, we argue that the existence of a parallel spinor on the universal covering implies that
the metric is not universally invertible. Observe that by the Schro¨dinger-Lichnerowicz formula (3.3),
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because the Ricci and therefore scalar curvature now vanish identically, every (twisted) parallel spinor
which is square integrable lies in the kernel of the Dirac operator, and this applies in particular to
every (twisted) parallel spinor on a finite covering of M .
Now, exactly as in the proof of Proposition 2.6, by the structure theorem 2.5 for Ricci flat
metrics, the parallel spinor on the universal covering gives rise to a parallel spinor on a suitable
finite covering. A priori, this is for a spin structure different from the one pulled back from M . But
the spinor bundle for this a priori different spin structure equals the spinor bundle for the pull-back
spin structure twisted with an appropriate flat line bundle, by [29, Section 3]. Therefore a non-zero
parallel spinor on the universal covering produces a twisted parallel spinor on a finite covering which
by Theorem 3.2 implies that the metric is not universally invertible.
Finally, given the existence, respectively non-existence, of non-trivial parallel spinors on the
universal cover for metrics in RICs=0, respectively RIC
INV
=0 , we note that by Theorem 2.4 there can
be no path within RIC=0 linking RIC
INV
=0 and RIC
s
=0. Hence RIC
INV
=0 and RIC
s
=0 must each be
a union of path-components of RIC=0. 
4. Applications via Index Theory
Given a closed Riemannian spin manifold (X4k, g), the Atiyah-Singer index theorem (see for
example [26], II.6.3) asserts that for the Atiyah-Singer Dirac operator D+ we have
indD+(X4k, g) = Aˆ(X).
Of course, the right-hand side of this equation is a smooth topological invariant of X , and thus the
index is independent of the metric g . When combined with the Schro¨dinger-Lichnerowicz Theorem
1.4 it is straightforward to deduce that if X admits a positive scalar curvature metric then Aˆ(X) = 0.
In order to prove Theorems 1.8 and 1.11 we will need to investigate the index on manifolds
with boundary. We will begin by recalling the index theorem of Atiyah-Patodi-Singer:
Theorem 4.1. ([2]) Let (W, gW ) be a compact even dimensional Riemannian spin manifold with
non-empty boundary M , where the metric gW is a product dt
2 + gM in a neighbourhood of the
boundary. Consider the Atiyah-Singer Dirac operator D+ on W acting on the subspace of spinor
bundle sections for which the restriction to M belongs to the span of the negative eigenspaces of the
operator induced on M . Then the index of this (restricted domain) Dirac operator on W is given by
indD+(W, gW ) =
∫
W
Aˆ({pi(W, gW )})−
h(M,gM ) + η(M,gM )
2
,
where Aˆ denotes the Aˆ-polynomial in the Pontrjagin forms pi(W, gW ), h is the dimension of the
space of harmonic spinors on the boundary M , and η is the eta-invariant of the Dirac operator on
M .
At first glance, the index would appear to depend on both the topology and the global geometry
of W . In actual fact, the metric-dependence of the index only involves the metric in a neighbourhood
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of the boundary. To see this we consider metrics gW and g
′
W on W which both take the form dt
2+gM
near the boundary. It follows easily from Theorem 4.1 that
indD+(W, gW )− indD
+(W, g′W ) = indD
+(W ∪ −W, gW ∪ g
′
W )
= Aˆ(W ∪−W ),
where we have used the Atiyah-Singer index theorem for closed manifolds to derive the last line.
Now Aˆ is a ring homomorphism from oriented bordism to the rationals, so the Aˆ-genus of any null
bordant oriented manifold is zero. As it is well-known that ‘double’ manifolds such as W ∪−W are
null bordant in this way, the result follows.
Observation 4.2. Given the hypotheses of Theorem 4.1, if we consider a smooth path of metrics gt
on W (all with product structure near the boundary) such that the Dirac operator on M has no zero
eigenvalues for any t, then each term in the index formula varies smoothly during the deformation.
In particular, as the index and h are integers, these remain constant throughout the deformation.
For an explanation of this, see for example [24, page 827], [34, Chapter 5], or [30].
Since it will be important for later arguments, we note that if scal(gW ) > 0, then just as in
the case of closed manifolds, we have indD+(W, gW ) = 0.
Proposition 4.3. Consider manifolds W and M as in Theorem 4.1. Given a path gt of non-
negative scalar curvature metrics on M , t ∈ [0, 1], suppose that for some t0 ∈ [0, 1] the metric gt0
has positive scalar curvature. If g¯t is any smooth path of metrics on W which extend gt (and take
the form of a product near the boundary), then indD+(W, g¯t) is independent of t.
Proof. By Theorems 1.6 and 1.7 no metric in the path gt has any harmonic spinors, so in particular
the Dirac operator on M has no zero eigenvalues for any t ∈ [0, 1]. By Observation 4.2 the index of
(W, g¯t) is constant. 
Proof of Theorem 1.8. By checking the arguments in [24] it is easily verified that the invariance
properties of s are a direct consequence of the invariance of the index in Proposition 4.3. ⊓⊔
Turning our attention to examples, we consider two families of products, one involving a K3
surface K4, and the other involving a Bott manifold B8 as a factor. Recall that, as a smooth
manifold, K4 can be defined by
K4 := {(z0, z1, z2, z3) | z
4
0 + z
4
1 + z
4
2 + z
4
3 = 0} ⊂ CP
3.
This is known to support a Ricci flat metric, see for example [5, page 128], though since Aˆ(K4) = −2
there is no metric of positive scalar curvature.
A Bott manifold is a closed simply-connected 8-dimensional spin manifold B8 with Aˆ(B8) = 1,
which therefore does not admit a metric of positive scalar curvature. We consider here an example
constructed by D. Joyce in [22] which has Spin(7)-holonomy, and thus admits a Ricci flat metric.
We also consider the set of homotopy spheres which bound parallelisable manifolds in di-
mensions 4n − 1, (n ≥ 2). Although finite for each n , the order of this family grows more than
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exponentially with dimension. The moduli space of positive Ricci curvature metrics for each of these
spheres was shown to have infinitely many path-components in [39]. This result was established by
exhibiting an infinite family of Ricci positive metrics on each sphere, and showing that these metrics
can be distinguished by their s-invariants.
Proof of Theorem 1.11. It suffices to consider Σ4n−1 ×K4 for some choice of homotopy sphere
Σ4n−1 bounding a parallelisable manifold, as the argument in all other cases is identical.
In [39] it was shown that we can find a sequence of Ricci positive metrics gi on Σ such that
s(Σ, gi) 6= s(Σ, gj) whenever i 6= j , so gi and gj belong to different path-components of the moduli
space of positive scalar curvature metrics on Σ. For each i there is a parallelisable bounding manifold
Wi for Σ such that gi extends to a positive scalar curvature metric g¯i over Wi (product near the
boundary).
The Wi are constructed by plumbing D
2n -bundles over S2n . If we consider the oriented union
Wi ∪Σ (−Wj), it is established for example in [10, page 73] that Aˆ(Wi ∪ (−Wj)) is a non-zero
multiple of the difference of signatures sig(Wi)− sig(Wj). As noted in §2 of [39], for i 6= j we have
sig(Wi) 6= sig(Wj), and thus Aˆ(Wi ∪ (−Wj)) 6= 0. As the Aˆ-genus is multiplicative for products and
Aˆ(K4) 6= 0, we deduce that
Aˆ((Wi ×K
4) ∪ (−Wj ×K
4)) 6= 0.
Let gK denote a Ricci flat metric on K
4, and consider the product metrics gi + gK . These
have non-negative Ricci curvature and positive scalar curvature. By the above, these metrics can be
extended to positive scalar curvature metrics g¯i + gK on Wi ×K
4 , so
indD+(Wi ×K
4, g¯i + gK) = indD
+(Wj ×K
4, g¯j + gK) = 0.
For i 6= j suppose the metrics gi + gK and gj + gK belong to the same path-component of non-
negative scalar curvature metrics on Σ × K4 , i.e. there is a path ht , t ∈ [0, 1], with scal(ht) ≥ 0,
h0 = gi + gK and h1 = gj + gK . Let h¯t be any path of metrics on Wi ×K
4 which extend ht (and
take the form of a product near the boundary). Applying Proposition 4.3 to the path h¯t we deduce
that
indD+(Wi ×K
4, h¯1) = 0.
Following the argument presented after Theorem 4.1 then yields
0 =indD+(Wi ×K
4, h¯1)− indD
+(Wj ×K
4, g¯j + gK)
=Aˆ((Wi ×K
4) ∪ (−Wj ×K
4))
6=0,
and we have a contradiction. Thus gi+ gK and gj + gK cannot belong to the same path-component
of non-negative scalar curvature metrics, and hence must belong to different path components of
Ricci non-negative metrics. ⊓⊔
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As remarked in the introduction, one can replace the homotopy spheres in Theorem 1.11 with
other manifolds. For example one could use the infinite family of 7-dimensional Einstein manifolds
Mk,l considered in [24], which were shown to have infinitely many path-components of Ricci positive
metrics in [24], and infinitely many path components of non-negative sectional curvature metrics in
[23].
References
[1] B. Ammann, K. Kro¨ncke, H. Weiss, F. Witt, Holonomy rigidity for Ricci-flat metrics, Math. Z. (2018).
https://doi.org/10.1007/s00209-018-2084-3, arxiv 1512:07390.
[2] M. F. Atiyah, V.K. Patodi, I. M. Singer, Spectral asymmetry and Riemannian geometry I, Math. Proc.
Camb. Phil. Soc. 77 (1975), 43-69.
[3] M. F. Atiyah and I. M. Singer, The index of elliptic operators IV, Ann. of Math. 93 (1971), no. 2, 119-138.
[4] T. Banakh, I. Belegradek, Spaces of nonnegatively curved surfaces, J. Math. Soc. Japan 70 (2018), no. 2,
733-756.
[5] A.L. Besse, Einstein Manifolds, Springer-Verlag, Berlin (2002).
[6] B. Blackadar, K-theory for operator algebras, second edition, Mathematical Sciences Research Institute
Publications, 5, Cambridge University Press, Cambridge, (1998).
[7] B. Botvinnik, J. Ebert, O. Randal-Williams, Infinite loop spaces and positive scalar curvature, Invent.
Math. 209 (2017), no. 3, 749-835.
[8] B. Botvinnik, B. Hanke, T. Schick, M. Walsh, Homotopy groups of the moduli space of metrics of positive
scalar curvature, Geom. Topol. 14 (2010), 2047-2076.
[9] S. Brendle, Ricci flow and the sphere theorem, Graduate Studies in Mathematics 111, American Mathe-
matical Society (2010).
[10] R. Carr, Construction of manifolds of positive scalar curvature, Trans. Amer. Math. Soc. 307 (1988), no.
1, 63-74.
[11] J. Cheeger, D. Gromoll, The splitting theorem for manifolds of nonnegative Ricci curvature, J. Diff. Geom.
6 (1971/72), 119-128.
[12] F. Coda´ Marques, Deforming three-manifolds with positive scalar curvature, Ann. of Math. (2) 176 (2012),
no. 2, 815-863.
[13] D. Crowley, T. Schick, The Gromoll filtration, KO -characteristic classes and metrics of positive scalar
curvature, Geom. Topol. 17 (2013), 1773-1790.
[14] D. Crowley, T. Schick, W. Steimle, Harmonic spinors and metrics of positive scalar curvature via the
Gromoll filtration and Toda brackets, Journal of Topology 11 (2018), Issue 4, 1077-1099, arXiv 1612.04660.
[15] X. Dai, X. Wang, G. Wei, On the stability of Riemannian manifolds with parallel spinors, Invent. Math.
161 (2005), no. 1, 151-176.
[16] A. Dessai, S. Klaus, W. Tuschmann, Nonconnected moduli spaces of nonnegative sectional curvature
metrics on simply-connected manifolds, Bull. London Math. Soc. 50 (2018), 96-107.
[17] A. Fischer, J. Wolf, The structure of compact Ricci-flat Riemannian manifolds, J. Diff. Geom. 10 (1975),
277-288.
[18] T. Friedrich, Zur Existenz paralleler Spinorfelder u¨ber Riemannschen Mannigfaltigkeiten, Colloq. Math.
44 (1981), no. 2, 277–290.
NON-NEGATIVE VERSUS POSITIVE SCALAR CURVATURE 17
[19] A. Futaki, Scalar-flat closed manifolds not admitting positive scalar curvature metrics, Invent. Math. 112
(1993), no. 1, 23-29.
[20] B. Hanke, T. Schick, W. Steimle, The space of metrics of positive scalar curvature, Publ. Math. Inst.
Hautes E´tudes Sci. 120 (2014), 335-367.
[21] N. Hitchin, Harmonic spinors, Adv. Math. 14 (1974), 1-55.
[22] D. Joyce, Compact 8-manifolds with holonomy Spin(7), Invent. Math. 123 (1996), no. 3, 507-552.
[23] V. Kapovitch, A. Petrunin, W. Tuschmann, Non-negative pinching, moduli spaces and bundles with in-
finitely many souls, J. Diff. Geom. 71 (2005) no. 3, 365-383.
[24] M. Kreck, S. Stolz, Nonconnected moduli spaces of positive sectional curvature metrics, J. Am. Math. Soc.
6 (1993), 825-850.
[25] E.C. Lance, Hilbert C∗ -modules: a toolkit for operator algebraists. London Mathematical Society Lecture
Note Series, 210, Cambridge University Press, Cambridge, (1995).
[26] H.B. Lawson, M.-L. Michelsohn, Spin Geometry, Princeton Math. Series 38, Princeton University Press,
(1989).
[27] T. Leistner, Lorentzian manifolds with special holonomy and parallel spinors,
Rend. Circ. Mat. Palermo (2) Suppl. 2002, no. 69, 131159. Available at
http://www-sfb288.math.tu-berlin.de/Publications/preprint-list/451/500.
[28] S. Morita, Geometry of Differential Forms, Translations of Mathematical Monographs vol. 201, American
Mathematical Society (2001).
[29] M. Nitsche, New topological and index theoretical methods to study the geometry of manifolds, doctoral
dissertation, Universita¨t Go¨ttingen (2017).
[30] N. Nowaczyk, Continuity of Dirac spectra, Ann. Glob. Anal. Geom. 44 (2013), 541-563.
[31] T. Schick, The topology of positive scalar curvature, Proceedings of the International Congress of Mathe-
maticians Seoul 2014, volume II, (2014), 1285-1308. arXiv:1405.4220.
[32] G. Skandalis, C∗ -algebres, Alge`bres de von Neumann, Exemples, Course Notes, Universite´ Paris Diderot,
Fall 2015. Available at https://webusers.imj-prg.fr/ georges.skandalis/poly2015.pdf
[33] W. Tuschmann, M. Wiemeler, On the topology of moduli spaces of non-negatively curved Riemannian
metrics, arXiv:1712.07052.
[34] W. Tuschmann, D. J. Wraith, Moduli spaces of Riemannian metrics, Oberwolfach Seminars 46,
Birkha¨user, Springer Basel (2015).
[35] M. Walsh, Cobordism invariance of the homotopy type of the space of positive scalar curvature metrics,
Proc. Amer. Math. Soc. 141 (2013), no. 7, 2475-2484.
[36] M. Walsh, H-spaces, loop spaces and the space of positive scalar curvature metrics on the sphere, Geom.
Topol. 18 (2014), no. 4, 2189-2243.
[37] M. Wang, Preserving parallel spinors under metric deformations, Indiana Math. J. 40 (1991), no. 3,
815-844.
[38] George W. Whitehead, Elements of homotopy theory, Graduate Texts in Mathematics, vol. 61, Springer-
Verlag, New York-Berlin (1978).
[39] D. J. Wraith, On the moduli space of positive Ricci curvature metrics on homotopy spheres, Geom. Topol.
15 (2011), 1983-2015.
18 THOMAS SCHICK AND DAVID J. WRAITH
Mathematisches Institut, Universita¨t Go¨ttingen, Go¨ttingen, Germany
E-mail address: thomas.schick@math.uni-goettingen.de
Department of Mathematics and Statistics, National University of Ireland Maynooth, Maynooth,
Ireland
E-mail address: david.wraith@mu.ie
